The use of electrochemical models makes it computationally intractable for online implementation as the model is subject to a complicated mathematical structure including partial-differential equations (PDE). This paper is based on the single particle model with electrolyte dynamics. Methods to solve the PDEs in the governing equations are given. Model order reduction techniques are applied to the electrochemical model to reduce the order from 350 to 14. The models solved by numerical solution, residue grouping method and balanced truncation method are compared with experimental data of a coin cell for validation. The results show that the reduced order model can decrease simulation time 75 times compared with the high order model. And the accuracy of the model is kept with 2.3% root mean square error comparing with the experiment results.
I. INTRODUCTION
Electrochemical models of batteries are typically developed from first principles and aim to accurately capture the internal battery dynamics such as diffusion, intercalation kinetics, and electric potentials. Underpinned by such models, battery internal states or parameters can be better understood and manipulated by sophisticated estimation and control approaches. However, the use of electrochemical models makes it computationally intractable for online implementation as the model is subject to a complicated mathematical structure including partialdifferential equations (PDE), ordinary-differential equations (ODE) and algebraic equations. In order to devise a controloriented model, to support real-time monitoring and control, model order reduction techniques, including residue grouping [1] , balanced truncation [2] , Padé approximation [3] , can be used to reduce the model order while maintaining the desired level of accuracy. G.Fan in [4] compared some order reduction techniques applied to the solid-state diffusion. Although the above models have addressed the accuracy and development of reduced order models of Li-ion batteries, the implementation and comparison between different methods with real cell experiment data still need to be discussed. This paper is based on the single particle model with electrolyte dynamics (SPMe). The PDEs in the governing equation of the SPMe are solved by finite difference method (FDM) and finite element method (FEM). After solving the PDEs, the full order model would be high (e.g. 350th order). Model order reduction techniques are used to develop a low order Li-ion battery model derivate that is suitable for real-time implementation, for example within a battery control system. Residue grouping (RG) and balance truncation (BT) are order reduction techniques for high order systems. They are applied to the SPMe model to reduce the model order from 350 to 14.
Both the full order model (FOM) and the reduced order model (ROM) have been implemented within the commercially available software Matlab and SIMULINK.
II. SINGLE PARTICLE MODEL WITH ELECTROLYTE
The SPMe model derived by Scott J. Moura in [5] is a simplification of the Newman model [6] . The schematic of the SPMe model is shown in Figure 1 . The positive and negative electrodes are modelled with spherical particles surrounded by the electrolyte. The Li-ions intercalation and de-intercalation processes are performed through the surface area of these particles [7] . Fig. 1 . Schematic of the Newman model [6] 978-1-7281-1249-7/19/$31.00 ©2019 IEEE The SPMe is derived under several assumptions [5] . These assumptions ultimately render a model consisting of two diffusion PDEs for electrodes concentrations, one combined diffusion PDE for electrolyte concentrations, and a nonlinear output function about the surface concentration of the solid, the boundary concentration of the electrolyte, and the current (as shown in Fig. 2 ). 
The governing equations of the electrolyte diffusion are:
The boundary conditions are ( 8 )
The governing equations for the over potential is: (11) As the SPMe model simplified the solid phase Li concentration in each electrode. The concentration is constant in spatial coordinate x, uniformly in time. Mathematically, we can derive the molar ion flux as proportional to current (12)
Assume
. From equation (11) and (12), the over potential can be derived The nomenclatures are shown in Table I . 
III. NUMERICAL SOLUTION OF PDES
To solve the governing equations, numerical methods such as the FDM and FEM can be applied on the diffusion PDE of the SPMe in the solid and electrolyte domains separately.
A. Finite-Difference Method
The principle of FDM is very similar to numerical methods used to solve ODEs. In this method the differential operator is approximated by replacing it with the derivatives in the equation using differential quotients [8] .
Central difference of the first order derivatives of FDM can be applied to solve the diffusion PDE of the SPMe. The numerical solution of the solid phase with finite difference approach would be:
where , is the distance between each two nodes, n is the number of nodes, and the boundary conditions are:
(23)
B. Finite-Element Method
The FDM is the simplest and most commonly used approach to the solution of the diffusion equations found in battery models. But FDM ignored the concentrations between each two nodes. The finite element method (FEM) add in admissible functions and generates equations for the nodal dynamics that can be realized in state-variable or transfer-function forms. More information and details on the FEM method can be found in [9, 10] .
To apply the numerical solution of PDEs on the solid and electrolyte diffusion governing equation requires to mesh the geometry into several nodes. The total number of the nodes will affect the fidelity of the model's result. The more nodes, the higher accuracy. However, the nodes number will determine the order number of the system. The mesh in the paper for applying FDM and FEM is shown in Fig. 3 . The solid phase is mashed in 50 nodes for each electrode and the electrolyte is mashed in 250 nodes across the three domains. Thus, the full order model (FOM) is a numerical solution by FDM with 350 states in total. In the simulation part of this paper, the SPMe model is implemented in Matlab/SIMULINK. 
IV. MODEL ORDER REDUCTION TECHNIQUES
Solving the PDEs by FDM and FEM would produce a high order model. The full order would be 350 th order. This full order model is computationally intractable for online implementation. Therefore, model order reduction techniques can be used to reduce the model order while maintaining the desired level of accuracy. Residue grouping and balance truncation methods are applied to in this paper.
A. Residue Grouping Method
To apply residue grouping method analytically, we need to obtain a transcendental transfer function with an infinite number of poles. Transcendental transfer functions are commonly characterised by numerous closely spaced poles with similar residues. The transcendental transfer function of the positive electrode solid diffusion equation is [11] :
where is the surface concentration after Laplace transform, represent the poles, represent the residues, and represents the steady state solution. The derivative of the transcendental transfer function and application of the residue grouping method on the electrode solid diffusion equation can be found in [1] .
The poles are
where are roots of not including .The residues are . The direct term is .
From [1] , we take a cut-off frequency of 10 Hz to approximate the solid state diffusion dynamics and neglecting the high frequency dynamics above the cut-off frequency. Then plot the poles versus residues as Fig. 4 shows.
Residue grouping method is to partition the frequency range of interest into d "bins" and lump together modes within each bin. The grouping procedure yields the d-th order transfer function as a reduced order transfer function. In Fig. 4 the blue dots are the analytical solution of the residues versus poles. After group the points into 6 "bins", the reduced order solution would be a 6 th order transfer function with the input of apply current and output the solid state surface concentration .
The same process can be applied on the negative electrode. For the electrolyte phase, the residue grouping method can be applied numerically based on FEM. The transfer function of vs would be got using the method in [1] .
B. Balanced Truncation Method
Balanced truncation method is applied by minimising the system's maximum error in the frequency domain [2] . A balanced truncation uses Hankel singular values instead of eigenvalues to discard states and reduce the model order. With the proper choice of a threshold for state truncation, the model order can be reduced significantly without affecting the performance a lot. Fig. 5 show the plot of Hankel Singulars in different states for order reduction of the SPMe model with parameters in Table III. The implementation of balanced truncation in Matlab can simply by using function "balred()" to capture the reduced order model's transfer function.
The model order reductions in this paper, use a 6 th order transfer function for both the positive and negative electrode diffusion equation and the electrolyte diffusion as a 2 nd order. In total, the reduced order model is a 14 th order for both implementations of residue grouping and balanced truncation. 
V. SIMULATION AND VALIDATION
To compare the different model order reduction techniques, both full order model and reduced order models based on SPMe model are implemented in SIMULINK. The parameters (Table  III) are obtained by fitting the experimental data of a coin cell. The validation of the model is performed using a discharge current of 0.5 C until the voltage reaches the minimum value, followed by a charge of 0.5C. The terminal voltage of the experimentally measured, the full order model (FOM), residue grouping reduced order model (RG) and balanced truncation reduced order model (BT) are compared. The comparison is shown in Fig. 6 below. The real running time, peak error and root mean square error (RMSE) are given in Table IV. From the comparison figure and  table it can be found, FOM has similar accuracy with the reduced order model RG and BT by comparing with the experiment results. However, the reduced order models' computation time are much shorter than the FOM with the same simulation time (14000 s) and step length (0.1 s). The residue grouping and balanced truncation method were implemented with the same reduced order in the simulation model. The residue grouping method appears very similar to the balanced truncation method but achieves slightly better accuracy in the whole cycle.
VI. CONCLUSION
This paper applied three methods to solve the PDEs in the electrochemical models of li-ion battery for control oriented implementation. The proposed model is most similar to those developed in [5] , yet we analyse the solver of the PDEs in the governing equations and the model order reduction methods applied on the model. The reduced order single particle model, implemented in SIMULINK, was validated with experiment data of a coin cell. Accuracies of 97.67% was obtained for the reduced order models (compared with 97.18% for a full order model) when validated with constant current charge and discharge experiment. In addition, a model based observer can be subsequently designed and tested in the future.
